Expressions are derived for the deflection and transverse translation of a ray as it traverses an arbitrary optical system. The system may be astigmatic and have relatively decentred refracting elements. The expressions are in terms of the fundamental properties of the system. Because nodal rays are rays that undergo no deflection the results lead immediately to expressions that define nodal rays through the system. An optical axis of an optical system is a nodal ray that is a straight line through the system. This allows one to write an expression that determines the optical axis of an arbitrary optical system.
Introduction
A ray entering an optical system usually leaves the system with a different direction and at a different distance from the longitudinal axis. Thus the ray undergoes deflection and transverse translation as it traverses the system. The deflection and transverse translation are shown as the scalars n C y a / 0 = ∆ and n C y a / 0 = ∆y in Gaussian optics in Figure 1 and as the vectorial quantities n C y a / 0 = ∆a and n C y a / 0 = ∆y in linear optics in Figure 2 . An expression for the deflection was needed for another study 1 , and deflection and transverse translation provide alternative and relatively simple approaches to finding nodal rays and optical axes which have been topics of recent research 2, 3 . Accordingly the purpose of this note is to derive general expressions for the deflection and transverse translation of a ray across an arbitrary optical system and then to show how expressions for nodal rays and the optical axis of the system follow directly.
In order to prepare the groundwork for the general case we first examine deflection and transverse translation in the simpler case of the centred system in Gaussian optics. With the understanding provided by this two-dimensional approach we turn to the general three-dimensional problem of deflection and transverse translation of a ray through a system that may contain astigmatic and relatively decentred elements. The optical model is linear optics. The results are then applied to finding nodal rays and optical axes; for both nodal rays and optical axes there is no deflection and for optical axes the transverse translation is simply related to the inclination of the nodal ray and the length of the system. For the basics of Gaussian and linear optics the reader is referred to the text by Guillemin and Sternberg 4 . For what follows the reader is also referred to two recent papers 2, 3 .
Gaussian optics
Consider an arbitrary optical system S in Gaussian optics ( Figure 1 ). Z is a longitudinal axis and T 0 and T are the entrance and exit planes of S. The indices of refraction are 0 n immediately before the system and n immediately after it. Suppose Z coincides with the optical axis of the system. The optical nature of S is characterized by the 2 2 × transference
A is the dilation, B the disjugacy, C the divergence and D the divarication of the system; they are four fundamental scalar optical properties of the system. The dioptric power of S is defined by
It is convenient to develop the analysis in terms of C. At any point one may obtain an expression in terms of dioptric power F by replacing C by F − . 
Together 0 y and 0 α constitute
the state of the ray at incidence. We shall refer to 0 y as the incidence of the ray.
The ray emerges from S at T with transverse position y and inclination a. Its reduced inclination is
The state of the ray at emergence is
which we shall refer to simply as the emergence of the ray. The emergence and incidence of a ray traversing system S are related by
Substituting from Equations 1 and 3 to 6 we obtain the pair of scalar equations
and
Because of symplecticity the inverse of S exists for all systems. Hence we can rewrite Equation 7 
We define
y ∆ is the change in position of the ray from incidence to emergence relative to longitudinal axis Z; it is the transverse translation of the ray. Similarly a ∆ is the change in inclination of the ray across the system; it is the deflection of the ray. y ∆ and a ∆ are shown in Figure 1 .
Substituting from Equation 8 into Equation 14 we obtain
Similarly, substitution from Equation 9 into Equation 15 results in
From Equations 12 to 15 we obtain the transverse translation and the deflection of a ray in terms of its emergent state,
Equations 16 and 17 give the transverse translation and the deflection of the ray in terms of the incident state of the ray; Equations 18 and 19 do the same except they are in terms of the emergent state of the ray. If the indices before and after the system are the same then Equations 17 and 19 reduce to
If the ray is incident parallel to axis Z then 0 0 = a and Equations 16 and 17 become
Linear optics
Above we looked at the simplest case of transverse translation and deflection of a ray in two dimensions across a system centred on its optical axis. We now go to the opposite extreme: transverse translation and deflection across a system that may be astigmatic and with refracting elements not necessarily centred on the longitudinal axis. The situation is represented in Figure 2 . 
The dilation, disjugacy, divergence and divarication now each become the 2 2 × submatrices A, B, C and D. e and are each 1 2 × . They are the six fundamental properties of the system. 
where 0 n is the index of refraction before the system.
Similarly the ray's emergence is
where the reduced emergent inclination is related to the emergent inclination a by
The basic equation of linear optics is
Substituting from above one obtains the two matrix equations
and 
T T . Then Equation 33 results in the pair of equations
Corresponding to Equations 14 and 15 we define, for a ray, the transverse translation, 
Substituting from Equations 31 and 32 into Equations 37 and 38 we obtain the transverse translation and deflection of the ray in terms of its incidence:
( ) 
Similarly, from Equations 35 to 38, we obtain the transverse translation and deflection in terms of its emergence:
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If the indices of the media before and after the system are the same one obtains (from Equations 40 and 42) the generalizations of Equations 20 and 21:
Nodal rays
A nodal ray through a system is one which is not deflected, that is, 
This can be solved to give ( )
provided C is nonsingular, and
provided D I 0 n n − is nonsingular. In most cases of interest these matrices are nonsingular. When they are singular there may be either no solution or an infinity of solutions, exceptional cases that are not examined here. The coefficient of a in Equation 49 is the negative of the incident nodal characteristic defined elsewhere. 
Optical axis
By definition
2 an optical axis is a straight line through the system along which a ray both enters and leaves the system. Thus (54) These two equations can be combined as the single matrix equation 
Provided P is nonsingular
the result obtained before 2 but by a simpler method. For most systems of interest P is nonsingular.
5 d (Equation 57) gives the position 0 y of the optical axis in the entrance plane T0 of the system and a the inclination of the optical axis.
Concluding remarks
Given the transference of an optical system Equations 40 and 42 allow one to calculate the deflection of a ray traversing the system; Equation 40 gives the deflection in terms of the position and inclination of the ray at incidence and Equation 42 gives in terms of the position and inclination at emergence. The equations are general and, within the limitations of linear optics, hold for all optical systems whether or not they contain astigmatic and relatively decentred refracting elements. The same holds with respect to transverse translation and Equations 39 and 41.
Equations 43 to 46 specialize these results for particular situations.
Equations governing nodal rays (Equations 48 to 50) arise naturally from the analysis because nodal rays are not deflected.
Equations governing the optical axis of a system (Equations 59 and 60) also arise naturally, and more simply than before 2 , because an optical axis is that particular nodal ray which enters and leaves the system on the same straight line.
